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A hardware methodology is described for implementing a graph coloring for the Latin squares problem that
is compatible with more course grain approaches routinely implemented in software. The approach described
maximizes the use of local communication and � ne-grained parallelism while still ensuring a complete search of
the solution domain. An implementation of a graph coloring architecture using � eld-programmable gate arrays
and high-level programming tools is presented. An exploration of the tradeoff among nodes per processor, � ll
depth, and latency is presented. The use of this hardware-based graph coloring accelerator architecture to the
more ef� cient implementation of routing for wave division multiplexing � ber optic communications systems and
multihop radio communications is also discussed.

Introduction

T HE graph coloring accelerator architecture was developed to
improve the speed and ef� ciency with which Latin-square

problems could be solved. Speci� cally, the targeted problem was
wave division multiplexing routing in � ber optic communications
systems. The graph coloring accelerator architecture was imple-
mented on a � eld-programmablegate array (FPGA). FPGAs allow
a useraccessto most of thebene� ts of application-speci�c integrated
circuits (ASICs) without the costs and long turnaroundtime. Target-
ing an FPGA allows the designer to experimentwith the accelerator
architecture. The designer is able to vary architecture-dependent
parameters and to test the impact of the changes on the actual hard-
ware in a matter of hours instead of the weeks required to spin new
ASIC designs. For example, the node processor cache size may be
varied over some range to determine the optimum cache size based
on results from the physical hardware. This mode of experimenta-
tion can also be used to evaluatedifferent implication rules. A Latin
square of order N comprises an n £ n array of N symbols in which
every symbol occurs exactly once in each row and column of the
array.1 The Latin square involvesthe useof two setsof blocks,oneof
which is organized by rows and the other by columns. Latin-square
designs have the character of a double randomized block design,
where the experimental variable is confounded with the row and
column interactions. Figure 1 is an example of a Latin square.

Problem Description
Completing a Latin square is a nonpolynomial (NP) complete

task that has been shown to take considerablecompute time on large
(N > 30) problems.2 The time requiredto completea Latin square is
dependent on N and on the number of preset nodes. Preset nodes in
a Latin square correspondto preexisting requirementson a schedul-
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ing system, such as wave division multiplexing.A relatively sparse
graph with few presets is likely to have many solutions and will be
solved relatively quickly. A graph with a large number of presets
will likewise be solved or proved inconsistentquicklybecause there
are few degrees of freedom remaining for the solution. The solu-
tion of a partially colored graph will result in a valid assignment of
symbols to nodes or a determinationthat no such assignmentexists.

Empirical evidence suggests that the number of backtracks, and
thus the number of incorrect guesses, reaches a maximum when
approximately 40% of the nodes are preassigned.2 A backtrack oc-
curs when a contradiction is arrived at; after the contradiction is
discovered, the guess that caused the contradiction is undone.

The maximum number of nodes that may be preset in a Latin
square is 50%. After the 50% presetpoint is reached, all other nodes
may be implicated.Implicationtakesplacewhen a nodehasonlyone
valid color remainingavailableto it. The node then selects this color
to be its selected color until a backtrack is required. Furthermore,
as the number of preset nodes approaches50%, the graph may also
be solved relatively quickly. This is because there are fewer combi-
nations to try before a solution is found, or it is discovered that no
solution exists.

Local search methods are usually able to solve partially colored
graphs faster due to the increased parallelism available. However,
local search methods cannot assure that all possibilities have been
tried. This presents a problem because local search methods are not
able to tell when there is no possible solution to a graph. On the
other hand, global search methods assure that all possibilities are
tried.However, global search methods are generallyslower because
less parallelism can be exploited.

Latin squares can easily be made parallel in the course-grain
sense. To make the system parallel over � ve processors, we may
simply assign a different color for the � rst node in each instanti-
ation in parallel, then solve the system assuming that as an initial
condition.Our � ne-grainedimplementationmakes the computation
parallel at a lower level, while allowing us to make the system par-
allel at the courser grain as well.

Related Work
Several architectures have been developed to apply FPGA tech-

nology to accelerate combinatorial search. Most attention has been
paid to the problem of Boolean satis� ability (SAT), a classical NP-
complete problem with many applications. Typical FPGA-based
approaches start by assuming that SAT problem is expressed in a
canonical form, for example, three-term clauses, to simplify the
FPGA architecture and often to optimize the mapping onto the
FPGA.

One approach compiles the FPGA to solve a speci� c problem
instance.3 This approachattemptsto optimizeexecutionspeed,but it
must � rst compile the instancebeforesolvingit. For largerproblems,
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Fig. 1 Latin square of order four.

this would seem to be a good tradeoffbecausethe compilationspeed
grows slowly with problem size compared to the execution time,
whichgrowsexponentially.A dif� cultywith this approachis that au-
tomated tools for placement and routing often generate poor results
that lead to very slow clocking rates and circuit utilization. Others
avoid most of the placement and routing ef� ciency and compila-
tion time by tailoring computational blocks that have been already
placed and routed.4 The architecturepresented in this paper requires
neither compilation nor tailoring, allowing successive problems to
be streamed through the hardware without any recon� guration.

Fine-Grain Implementation Algorithm Architecture
There were two design goals for the graph coloring accelerator

architecture. First, the architecture must be scalable for problem
sizes of up to at least N D 40. Second, the algorithm must exploit
the maximum degree of parallelism to take best advantage of the
underlying hardware.

The principal contributionof this paper is the implementationof
a parallel implication mechanism on an FPGA. Most approaches
to combinatorial search differ in how values are assigned (guessed)
to variables and in what order. Once this step is performed, the
implicationsof the guess are computed.Several searchheuristicsfor
variable assignment for the Latin-square problem are discussed in
Ref. 5. Becauseour architectureimplements the guessingprocedure
in the master node, only this node needs be modi� ed to implement
another search heuristic.

FPGA Architecture
FPGA architecturecomprises con� gurable logic blocks and con-

� gurable interconnect. Con� gurable interconnect is optimized for
local routing and performs poorly when used to span long distances,
as when used for global communication.Con� gurable logic blocks
(also known as slices) can be used to implement small logic func-
tions. When larger functions are implemented, multiple slices and
con� gurable routing must be used, resulting in slower computa-
tion. The algorithm developedwas tailored to match the underlying
FPGA architecture.

Algorithm Overview
A high-level� ow diagramof thegraphcoloringalgorithmprocess

is shown in Fig. 2. The algorithm works by exploring the search
space starting from an initial partial coloring of the nodes. Through
a recursive sequence of guesses, implications, and backtracking,
either a solution is found or it is proved that no solution exists.

The state of the graph comprises the states of the nodes of the
graph. The state of a node is exactly one of preassigned, guessed,
and unassigned. Nodes in either of the � rst two states have been
assignedexactlyone color.The colorwas assignedto thenodeby the
initial conditions, subsequent guesses of previously unimplicated
nodes, or implication of previously unassigned or guessed nodes.
Unassigned nodes may still be assigned one or more colors based
on the implication rules implemented. The set of colors that may be
assigned to an unassignednodecomprises the set of all colorsminus
the colors that have been proved to contradict the color assignments
to the preassigned and guessed nodes.

The implication rules are a speci� ed function over the state of
the graph that monotonically decreases the size of the color sets of
the unassigned nodes. The function is applied iteratively until the
function no longer changes the state of the graph or a contradiction
is detected. An unassigned node indicates a contradictionwhen its
set of possible colors is reduced to the empty set. In the absenceof a
contradiction, a stable state S¤ is reached when further application
of the implication function I does not change the state of the graph,
that is, I .S¤/ D S¤. The implementedalgorithmwaits until thegraph
reaches a steady state before another guess is made, although this is
not generally a requirement.

Fig. 2 Flow diagram of graph coloring algorithm.

Our implementationassignedcolors to the nodes in a � xed order.
Although � xing the order is not generally necessary, it simpli� es
the control logic in two ways. First, it makes recursion simple by
predeterminingthe order in which we will check color assignments
for each node. Second, it gives us a simple method of determining
when we have completeda square by checking the status of the � rst
square. If the � rst assignednode has no valid color assignment, then
no solutionexists.Other localsearchesdo notmake this assumption.
Although this often results in a faster solution to the problem, it
makes it more dif� cult to prove that no solution exists because it is
dif� cult to prove that all possibilities have been tested.

If a contradiction is detected, the last guessed node is assigned a
different color, and implication is performed. If a contradiction is
again detected, the node is assigned yet another untried color, and
the process is repeated. This process is referred to as backtracking.
If a stable state is reached, then the search recurs one level deeper
as an unassigned node is selected and assigned a color. If all pos-
sible colors have in turn have been assigned to a node, and each
has resulted in a contradiction, then the algorithm backtracks up to
the previous level of recursion. We call this extended backtrack a
regression.

Our implication function is computed at each node by removing
from its set of possible colors any color assigned to another node
in the same row or column. Additional implication rules (currently
unimplemented) includedetectionof colorsexcludedfrom all nodes
within a row or column save one. There are several others impli-
cation rules that could be implemented to allow nodes to implicate
sooner,but thiswould increasethecomplexityof thenodeprocessor.
The architecture of the FPGA requires a tradeoff between compu-
tational complexity and number of nodes that can simultaneously
be implemented because the computational resources are � xed for
a given FPGA architecture.

Like the related problem of transitive closure, the order of impli-
cationamong the nodesdoes not affect the � nal state, and, therefore,
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the implication of one node can occur in parallel with implications
of others. If a contradiction exists, only the location of the contra-
diction may change, not the occurrence of one. In the absence of
a contradiction, the state of the nodes after implication is the same
regardless of the order of implication.

Implementation Description
An FPGA architecture was developed comprising an array of

(N £ N ) small node processors for each node of the Latin square,
an edge controller for each row and column of the graph, and a
graph master to manage host interaction and the guessing process.
Each edge controller keeps a last in, � rst out (LIFO) list of guesses
and the implications caused by the guesses. Use of the guess LIFO
simpli� ed backtracking by enabling the edge to step back in time
to a state where no contradictions existed. Figure 3 shows a high-
level schematic of the architecture, where circles represent edge
control, rectangles represent node processors,and the graph master
is represented with a triangle.

The communication mesh is a simple two-dimensional toroidal
mesh of unidirectional busses. These busses comprise a tag iden-
tifying the data being transferred and a data bus log2 N bits wide.
There are two bus cycles. On the � rst cycle (referred to as the col-
umn focus), the nodes listen for communications from the column-
edge processor. At the same time, node processors can send infor-
mation to the row-edge processor. The second-cycle (row focus)
node processors receive from the row-edge processor and trans-
mit to the column-edge processor. The cycles are synchronized so
that the node receives data from the row processor on one cycle and
the column processor on the other. This systolic data � ow gives the
appearance of continuous communication with an edge processor.
Edge to node communication consists of remove, backtrack, and
guess broadcasts, as well as memory loads directed at individual
nodes.

The choice of bus widths and communication methodology was
critical to the performance and scalabilityof the system. All busses
were chosen to be ring busses to minimize the communication
latency and simplify the communications.

We chose to make the edge busses N bits wide, to move color in-
formationquickly,becausethe numberof edgenodes scales linearly
with N . In this representation,each wire indicates a separate color,
so that we can send information about all colors in a single cycle
with each message. Most of the edge communication consists of
messages detailing message � ll calculations and backtrack control.
Memory � ll is the term that describes the processor nodes need for
information on what other colors are currently in use in its row and
column. This bus is used to have each edge node communicatewith
every other edge node.

We chose to make the processor node busses log2 N bits wide
becausethe numberof processornodesscaleswith N 2 . The resulting

Fig. 3 Top view of architecture implemented.

architecture balances the need for small processor nodes with the
need for fast communication, especially among the edge nodes, to
mitigate bottlenecksin communication.This bus is used for passing
the results of implication requests and making and � lling requests
for information about the current row and column. This choice of
bus architectures is physically well suited to our target architecture
and works both to keep the physical size of the system reasonable
and to maintain performance.

The bus that connects the edge processors is comprises a tag and
an N bitwidedatabus.Edge to edgecommunicationconsistsof node
processor memory � ll calculations, as well as guess and backtrack
control.Using an integerrepresentationwould have requiredonecy-
cle for each color transmitted to the edge controller, creating the � ll
packet to be sent to the node processor. A representation where
each color is represented by a single bit (one hot) allows all avail-
able colors to be transmittedin one cycle; it also simpli� es the union
operation required to create a � ll packet. To create a � ll packet, the
edge controllermust perform a union of colors available to the node
from its row controller and its column processor.

Component Detail
This section describes in detail each component (node processor,

edge controller, and graph master) of the Latin-square coloring ar-
chitecture.It will be shown how designdecisionssupport the overall
direction and evolution of the design.

Node Processor
The nodeprocessoris a minimalprocessorable to requestmemory

� lls, implicate when only one color remains in its set of possible
colors, backtrack when its set of possible colors is empty, guess a
color from its memory, and remove colors from its local list. It is
connected to adjacent nodes through a unidirectionalnode bus that
starts and ends at the edge controller. A simple view of the node
processor can be seen in Fig. 4.

Binsareused to hold thecurrentsubsetof possiblecolorsavailable
to the node. Each bin holds a color and a bit indicatingwhether the
bit is valid.

An implicate/backtrackcontrollercounts the numberof validbits
and requestsan implicationwhen thecompletelist � ag is thrownand
there is only one valid color remaining.It requests a backtrackwhen
the complete list � ag is thrown and there are no colors remaining
in the bins; this indicates there are no colors available for the node.

As described earlier, there are two parts to a communication cy-
cle, column focus and row focus. During the column focus stage,
information sent from the column controller arrives at the node and
is processed; the node also sends information toward the row pro-
cessor. On the other half of the cycle, the oppositehappens,data are
retrieved from the row controller and sent to the column controller.
When the node bus is idle, a node is free to send requests on the
node bus; otherwise, the input is passed through to the next node
on the node bus. Requests written to the node bus must � rst pass
through all nodes below (or to the right of) the sending node before
arriving at the edge controller.

The most important consideration during the node processor’s
design was scaling. Graphs too large to � t on a single FPGA will
be time multiplexed with partial row column blocks completed in
a windowing technique to be described later. Each node processor,
and the required interconnect between node processors, grows as a
function graph size grows. Effort was made to minimize the impact
of graph size on node processor size.

The interconnect between each node processor and from each
edge processor to the adjacent node processor grows O[log2.N /].
Colors are sent one at a time across the node bus. The most demand-
ing task for the nodebus is the memory � ll, which is a constantvalue
regardless of the size of the graph and requires multiple colors to be
sent serially. Node processors require memory � lls to update their
bins with colors available to the node when the current set stored
locally has been exhausted through remove operations.For remove
requests, only one color, the color to be removed, is sent.

Node processor memory (also known as a bin) also grows as the
graph size increases. Node memory holds a subset of the complete
list of available colors. This subset contains M colors, where M
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Fig. 4 Functional diagram of a node processor.

Fig. 5 Bin size scaling with M.

is less than or equal to N . Memory bins are analogous to local
cache used in general purpose processors. Each node also holds
a � ag indicating whether the list of M colors is a complete list
of all colors available for this node, given the constraints for that
row and column, or a partial list of possible colors. As colors are
removed from the list due to implication, more are requested from
the edge controllers. This paging process involves both row and
columncontrollers.The set of colorsavailableto the noderequesting
data is the intersection of colors available to the row and column.
Each edge controller contains a list of colors available to the row
or column it controls. A row controller receives a � ll request and
sends a list of availablecolors to the column controller.The column
controller performs a intersectionof the two sets and sends the � rst
M colors to the requesting node serially through the nodewise bus.
Complete is asserted when are no colors are left to be checked.

As node size increases, there can be fewer nodes on a given sized
FPGA. Eventually,node size increases to a pointwhere there are not
enough nodes on a given sized FPGA for useful computation. One
solution to this problem is decreasing the amount of logic required
for node memory bins by decreasing bin depth, M . For example, if
M is set to 7 and node size becomesprohibitivebecausea largeLatin
square is being attempted, M can be decreased to 4 to decrease the
size of each node. The penalty for this reduction is more numerous
and frequent � ll requests.Total memory requirementsfor each node
are M £ log2.N /. The effect of M on bin size is shown in Fig. 5. As
N increases, M can be decreased to maintain a constant node size.
Decreasing M incurs an increased overhead due to more frequent
pagingrequestsfromemptynodeprocessorsbut allowsmore control
over the size of each node processor. Total node size as a function
on N as M is kept constant is shown in Fig. 6.

The bins contain the only informationassociatedwith the state of
the node processor. If � lled with different data, the same processor
could be used to represent a different node. When coloring a graph
too large to � t on a single FPGA, a windowing scheme will be used
to clean the memories of each node processor and re� ll them with

Fig. 6 Node size with respect to N.

Fig. 7 Edge controller overview.

colors speci� c to a different grouping of nodes. Nodes with their
colors already set (implicated or guessed) must also be noted and
restored when windowing.

Edge Controller
Two edge controllers supervise each node processor. Each edge

controller supervises N node processors. One edge controller gov-
erns the row information, and one governs the column information.
For a given problem, 2N edge controllers are required. Each edge
controller keeps a list of colors available to the node processors in
its row or column. This list is N bits long, and each bit represents
a color. As a color is removed from the list, the corresponding bit
is changed to 0. When the color is added back, it is returned to a 1.
The edge controllers also keep a stack of previous lists; each time
a guess is made, the previous list is pushed onto the stack. When
a regression is requested, the old list is popped off the stack and
returned to the edge controller list. A high-level schematic of the
edge processor is shown in Fig. 7.

The edge controller’s primary function is to handle � ll requests
from node processors. This action requires input from both edge



478 POCHET ET AL.

Fig. 8 Edge node memory requirements, scaling with N.

controllers that supervise the requesting node. The side edge sends
the current list of available colors to the top edge through the edge
bus that consists of an N -bit wide bus and a data tag. When the top
edge receives the list, it obtains the intersectionof its list of possible
colors and transmits a � ll packet to the requesting node containing
up to M colors, as well as a � ag indicating if the list transmitted is
completeor partial. Implicationcan be performedon a complete list
onceonly one color remains in memory. Implicationcannotproceed
on a partial listing of partial colors even if there is only one color
remaining in memory.

When windowing to color large graphs, the color stack and the
current color list must be stored for each edge controllerwindowed
off chip. After the edge controller’s data are stored, the color stack
and current list for a new edge are passed in to the edge controller’s
stack and current free color list. This operation proceeds much as a
context switch.

The top edge controllers play only a small part in the setting of
initial conditions. The � rst � ll of each node processor is started at
the graph master, not the side edge. The graph master sends a color
list consisting of one color to the top edge. The top edge treats this
as a normal � ll request and sends a list consisting of one color to
the node. The node immediately implicates to the color received.

There are two memory stacks in each edge processor:the instruc-
tion stack, which is able to store instructions from node processors,
and the backtrack stack, which stores all previous states. Node pro-
cessor instructions are N C 4 bits wide and each node processor
can issue one instructionat a time. The size of the instruction stack
is N £ .N C 4/. Memory requirements for the edge are detailed in
Fig. 8.

Graph Master
The graph master handles all host-FPGA communication. With

migration to different FPGA platforms, only the graph master must
be changed. Host communication consists of obtaining initial con-
ditions and reporting results.

The graph master also handles all guessing and backtracking.
Currently,when the graph master counts a set number of idle cycles
on the edge bus, another guess command is sent. A guess command
consists of a guess command tag and the row/column of the node
to make a guess. Ultimately, it is preferable to detect when the
implication process is complete rather then wait a � xed number of
cycles. Note that it is not necessary that implication proceed to a
stablestatebeforeassigninga valueto a previouslyunassignednode.

The only backtrack control required of the graph master is to en-
sure thateveryguesscausesa maximumof onebacktrack.If multiple
contradictions are caused by a single guess, only one backtrack is
required to return to the previous valid state.

The graph master, having the ability to communicate to off-chip
memory, also controls the windowing process to color large graphs.
This control involves � nding all nodes with set colors, storing all
data from the edge controllerswindowedout, loadingnew edge con-
trollerdata,and � llingall nodeswith theirnewlistsandpresetcolors.

Results
The described design has been targeted for an Annapolis Micro

Systems WildStar board populated with Virtex 1000 FPGAs con-

tainingone milliongateequivalentsand 32, 4000-bitdeepblockram
units. A graph where N D 6 requires 36 node processors, 12 edge
controllers,and 1 graphmaster was implementedon one of the three
availableFPGAs. Almost 6000 slicesand 12 block ramsare required
for this implementation. Xilinx backend tools report a maximum
clock speed of 40 MHz. Because of the reliance on local commu-
nication, the maximum clock frequency is effected only slightly by
changes in N and M . The critical path for clock frequencycurrently
resides in the node processor.

One effective measure of Latin-square completing architectures
is the number of implications that can be performed per second.
Each node has the ability to implicate independently and simulta-
neously. Realistically, because remove and guess commands must
move through the nodes systolicly, a guess causing complete impli-
cation of the square will take 2N cycles to propagate through N 2

node processors. In a graph of N D 6, an n upper bound of 36 im-
plication steps can be calculated in 24 clock cycles, resulting in
60 million implications per second.

As a measure of the relative performance of our implementation
to that of a reference implementation running in straight JAVA, an
engineer calculated that the implementationwas running at 100 im-
plications per second. Our implementation runs at 60 million im-
plications per second on a 6 £ 6 Latin square with a 40-MHz clock
rate on a Virtex 1000 chip.

The graphcoloringacceleratorcan be used to color a graphof any
preset without resynthesizingthe design circuit. This is achievedby
allowing the graph master to preset each node immediately follow-
ing a reset signal with presets found in off-chip memory. All nodes
are presetwith eitherone or N colors.Presetting to N colorsequates
to no constraint on the color of the node, whereas a one color pre-
set equates to a hard requirement that must be met and cannot be
backtracked or undone.

To allow for a windowing system to be implemented, accommo-
dating problems too large to � t on a single FPGA, initial conditions
of the Latin square, presets, are broadcastbefore calculationbegins.
Presettinga graphof N D 6 consumes140 clockcycles,due to a two
clockcycle latencyaddedat each nodeprocessorand edgecontroller
for data passing through. There is also an N C 10 cycle latency for
preset information from an edge to the start of the node controller
row or column, due to latency in the edge controller � rst in, � rst out
(FIFO) stack catching information to send to node processors.This
equates to a 0.0035-ms overhead for an N D 6 graph.

A key component of this architecture is scalability. The node
processor scales extremely well as N changes. Additional control
over the scaling of N was added in the form of a variable sized local
memory. As the size of the nodeprocessorincreasesdue to increased
N , local memory size can be decreased to decrease node processor
size. Edge processors contain both current state information and all
previous state information. The memory requirements of the edges
scale with N 3 . The large quantity of block ram on Virtex FPGAs is
ample for even large graphs.

Currently, a naive guessing scheme is employed. When all im-
plications possible have been completed, a guess is made. Another
guess is made when all node busses have been idle for the longest
possible propagation time from one node to another. This time is
currently 140 clock cycles. The wait time is the worst-case cycle
count for node bus activity to propagate back to the graph master.
The graph master waits for all node busses to be idle for 140 clock
cycles before ordering another node to guess. Therefore, approxi-
mately 4200clockcyclesare requiredto color an emptygraphwhere
there are no contradictionsor backtracking.For each graph colored,
there is an overhead of approximately 4200 clock cycles.

High-Level Software Tool Suite
The JAVA hardware description language (JHDL)6 was used to

design the graph coloring accelerator architecture for FPGA im-
plementation. JHDL allows greater � exibility in the parameteriza-
tion of models than conventionalvery high-speed integrated circuit
(VHSIC) hardware description language (VHDL). This parameter-
ization � exibilitywas necessary to allow constructs to changeas the
size of the problemchanges.Architecturere� nement is also simpler
than when using the more behavioral VHDL. The structural basis
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Fig. 9 Code fragment showing parameterizability of JHDL.

Fig. 10 Number of slices for implementation of architecture.

of JHDL allows a designer to know exactly what hardware will
be instantiated from the code written. JHDL minimizes or avoids
common problems,such as differencesbetween simulationand syn-
thesizeddesign often experiencedwith otherHDLs when migrating
from simulation to an actual chip. Finally, JHDL allows the full
readback of the FPGA to be annotated on the circuit schematic.
This allowssimulationlikedebuggingto takeplaceonboth the target
hardware and on the simulator, as needed.

The use of the high-level tool suite permits a software description
that de� nes the applicationin a completelyparameterizablemanner.
The same code that generates the hardware to solve an order 4 Latin
square generates the hardware for an order 20 Latin square, with no
changes to the software. This approach has three advantages:

1) It allows us to describe hardware in a high-level language and
makes us much more productive than with traditional approaches.

2) It allows us to explore the design space much more fully than
we could have with traditionalapproachesbecausechangesare easy
to make and compile.

3) It allows us to optimize the solution to a given problem very
quickly.

The code fragment shown in Fig. 9 controls the instantiation of
the edge controllers. The instantiation relies directly on N for wire
widths and the number of controllers created. The ability to also
parametricallyhand place the edge controllers (not shown) is based
on this same approach.Dramatic clock speed increasesare achieved
by explicitly placing controllers, nodes, and lower level blocks.

Figure 10 shows the total number of slices required for the im-
plementation.Whereas any particular implementationwill run only
one size of Latin square, because the software is parameterized,we
can run very large instantiations on a single FPGA. Alternately, as
chip performancecharacteristicsimprove,we can replicatemultiple
Latin squares solvers on a single FPGA and use the same course-
grainedparallelizationtechniquesthat are availableto softwareonly
solution approaches.

Applications of Latin Squares
The ability to completeLatin squaresis useful in many scheduling

and routing applications. One such useful application of the Latin
square is the routing of wave division multiplexing (WDM) � ber
optic communication systems. These passive, all-optical systems
allow up to N wavelengths to be applied to each input without any

Fig. 11 Latin square used to route a WDM communications system.

outputcontention.7 WDM routing systemsalso operatewith a much
lower latency added at each routing node. Optical systems that are
routed with the use of Latin squares are referred to as Latin routers.

In a Latin router, each row represents a separate routing node.
Each routing node is able to accept N different input wavelengths
simultaneously.Each of these input wavelengths is representedas a
color in the Latin router. Each column represents the destinationof
the color being routed.

Initial constraints used for a Latin square re� ect preexisting re-
quirements or limitations of the network being routed. Communi-
cations that must be funneled through speci� c nodes for security or
topographicalreasons appear as initial constraints.As stated earlier,
Latin squares tend to increase in dif� culty as the number of initial
constraints increase.

InFig. 11, thereare fourseparateroutingnodesshown, Ai ; Bi ; Ci ,
and Di , each node able to route four input wavelengths simultane-
ously, R, G , B, and Y . Eachnode routeseach distinctinput to exactly
one output A0; B0; C0 , and D0 represented by the column that con-
tains the input wavelength.For example, input wavelength G , when
applied to Ai is routed to B0 . Solutions to the Latin-squareproblem
have also been applied to time division multiple access scheduling
in multihop packet radio networks8 and high-performance asyn-
chronous transfer mode switch architectures.9

WDM over optical intersatellite communication links have been
studied for a variety of satellite constellations.1 Optical satellite
networks present several challenges:

1) Broadband traf� c patterns exhibit peak intersatellitelink (ISL)
loads several times greater than average ISL loads.

2) Source-to-destination traf� c patterns vary continuously as a
function of time of day at both the sources and destinations.

3) Usage patterns are evolvingover time, thus limiting our ability
to predict future loading.

4) Connectivity of interorbit ISLs changes constantly, if deter-
ministically.

Despite these challenges, suggested means of waveform alloca-
tionare static in nature.As an example,one suggestedschemecalled
“matrix,”2 adapted from terrestrial networking, assigns unique
wavelengths to incoming and outgoing traf� c depending on row
and column (or orbit index and satellite index within an or-
bit). This allows reuse of wavelengths (unlike traditional single-
hop architectures) and admits simple waveform assignments that
guarantee that a wavelength is used at most once in a row and
column, indeed, the principal requirementof a Latin router. Indeed,
a suggested solution for allocation of wavelengths is identical
to the intuitive solution to an unconstrained Latin square: for
node (i , j ) within an (n £ m) the matrix is [.i C j ¡ 1) mod N ],
i 2 1; : : : ; n; j 2 1; : : : ; m.

Static allocation schemes, however, invariably lead to underuti-
lized resources. Such allocation schemes do not spread network
load dynamically as the underlying network topology evolves and
the peak usage shifts from one minute to the next. In this situation,
ideally allocations to existing ISL connections would remain � xed
whileold connectionsaredroppedand new ones added.The existing
ISL connectionwavelength assignments comprise the Latin-square
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preassignment,dropped or unallocatedwavelengths are unassigned
variables, and the new connections are assigned wavelengths when
the constrained Latin square is solved.

Conclusions
This paper has presented a scalable hardware methodology suit-

able for implementing graph coloring of Latin squares in FPGAs.
The approach maximizes the use of local communication and � ne-
grain parallelism, ensuring a complete and most ef� cient solution
of the problem space. The graph coloring accelerator architecture
has been demonstrated for Latin squares of N D 6, but requires
the implementation of a windowing scheme to prove scalability to
N D 40.
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